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1: Technical Preliminaries

An abstraction principle is any principle of the form:

Ap: (Yo)(VP)[@e(o) = @e(P) <> E(a, B)]

where o and 3 are variables (or sequences of variables) ranging over entities of same ‘type’ (or
sequences whose elements are, pairwise, of the same type), E is an equivalence relation on
entities of that type (or, if a and P are sequences, then E is an equivalence relation on sequences
of the relevant sort), and @g a term-forming operator — an abstraction operator — mapping
entities of the relevant type (or sequences of entities) onto objects. The paradigm instances of
abstraction principles are Hume'’s Principle:

HP:  (VX)(VY)[#X)=#Y) <= X=Y]
(i.e. HP = Ax_y, where “X = Y” abbreviates the second-order formula expressing that
there is a one-one-onto function from the X’s to the Y’s).
and Basic Law V:
BLV: (VX)(VY)[§(X) = §(Y) < (V2)(X(2) < Y(2))]
(i.e. BLV = Awyx@-v@))-
In addition, Finite Hume’s Principle:
FHP: (VX)(VY)[#X)=#(Y) <= (X =Y v (Inf(X) A Inf(Y))]
(where “Inf(x)” abbreviates the claim that X has infinitely many instances) shall be useful in

what follows. We shall take a cue from these central cases and restrict our attention to second-
level abstraction principles of the form:

Ap: (VX)(VY)[@e(X) = @(Y) <= E(X, Y)]

where variables X and Y range over first-level concepts, and where E(Y, Y) is a formula in pure
third-order logic (Of course, the cases of most interest are those where E is an equivalence
relation on unary first-level concepts). The reader should note that our approach individuates
abstraction principles purely syntactically — hence Hume’s Principle;:



HP:  (VX)(VY)[#(X) = #(Y) < Y =~ X]

is, strictly speaking, a distinct principle from HP, since HP = Ax_y and HP, = Ay_x (further,
neither HP — HP, nor HP, — HP is a logical truth, since HP and HP, involve distinct
abstraction operators @x_y and @y_x). We shall address subtle issues regarding the equivalence
of abstraction principles below.

We shall call this language L. At times we shall wish to restrict our attention to formulas that do
not contain one or more abstraction operators. Thus:

DEFINITION 1.1: L\@g is the language obtained by removing from L all formulas containing @g.
Similarly, if S is a set of abstraction operators, then L\S is the language obtained by removing
from L all formulas containing any abstraction operator @g € S.

Hence, if A is the set of all abstraction operators, then L\A is pure third-order logic. The
following notations will be useful:

DEFINITION 1.2: Given any formula ®, R(®) is the ramsification of ®.

DEFINITION 1.3: Given any formula @ and unary predicate W (where W might be a second-order
variable), ®" is the relativization of (the quantifiers of) ® to W.

The following terminology emphasizes that the satisfiability of abstraction principles depends
solely on the cardinality of the domain in question:

DEFINITION 1.4: Given any cardinal k, an abstraction principle Ag is k-satisfiable if and only if
Ag is satisfiable in a (and hence any) domain of cardinality x.

Additionally, the following constructions will be used repeatedly:

DEFINITION 1.5: Given an abstraction principle Ag and any formula ®, AgV® = AR Exy) =
(VX)VY)[@ (v mxy)(X) = @(aonex (YY) <= (R(P) v E(X, Y))].

DEFINITION 1.6: Given an abstraction principle Ag and any formula @, AgAD® = ARr(g),ExY) =
(VX))@ (0,5x)(X) = @(orex)(Y) <= (R(P) A E(X, Y))].

DEFINITION 1.7: Given an abstraction principle Ag, NAE = A(RAE)(v2)(X(2)Y(2)))-

Note that nAg = ~Ag, since the former, but not the latter, is an abstraction principle. We do
obtain the following:

THEOREM 1.8: For any abstraction principle Ag and any cardinal number k, the following are
equivalent:

* nAg is k-satisfiable.
e ~ Agis k-satisfiable.
* ~R(Ag) is true on models of cardinality k.
* R(nAg) is true on models of cardinality k.
* ~R(Ag) is logically equivalent to R(MAE).

PROOF: Straightforward, left to the reader.



The following abstraction principle, which we will call the Trivial Abstraction Principle, is
useful:

Triv:  (VX)(VY)[(X) = (Y) < (V2)(X(2) <> X(2)) A (Y(2) <> Y(2)))]
Triv is k-satisfiable for any k > 0. We note the following facts regarding V, A, and n:

THEOREM 1.9: For any abstraction principle Ag, formula @, and cardinal k, AgV® is k-satisfiable
if and only if either Ag is k-satisfiable or R(®) is true on models of cardinality k.

PROOF: Straightforward, left to the reader.

COROLLARY 1.10: For any formula ® and cardinal x, BLVV® is k-satisfiable if and only if R(®P)
is true on models of cardinality K.

THEOREM 1.11: For any abstraction principle Ag, formula @, and cardinal x, AgA® is K-
satisfiable if and only if Ag is K-satisfiable and R(®) is true on models of cardinality x.

PROOF: Straightforward, left to the reader.

COROLLARY 1.12: For any formula ® and cardinal k, TrivA® is k-satisfiable if and only if R(D)
is true on models of cardinality K.

THEOREM 1.13: For any abstraction principle Ag and cardinal k, nAg is K-satisfiable if and only
if Ag 1s not k-satisfiable.

PROOF: Straightforward, left to the reader.

Given these three operations, the set of abstraction principles can be viewed as a Boolean algebra
— a fact that shall be of interest in later results. Our final definitions in this section concern
various senses in which one abstraction principle can imply another, or two abstraction principles
can be equivalent. We shall reserve the symbols “—” and “<=” for the standard (classical)
material conditional, recalling that:

THEOREM 1.14: If Ag; — Ag; is a logical truth, then either E; is typographically identical to E,,
or Ag; is inconsistent.

PRrROOF: If E; is typographically distinct from E,, then @g; and @g; are distinct function terms.

COROLLARY 1.15: If Ag; <> Ags is a logical truth, then either E, is typographically identical to
E,, or Ag; and Ag; are inconsistent.

COROLLARY 1.16: If Ag; — Ap is a logical truth and Ag is consistent, then Ag; <> Ap, is a
logical truth.

Given the failure of straightforward logical entailment and equivalence to provide useful
relations between abstraction principles, we now introduce three additional, and provably
distinct, notions of equivalence. The first and weakest of these judges equivalence solely in terms
of the cardinalities k such that the principles in question are k-satisfiable:

DEFINITION 1.17: Abstraction principle Ag; cardinality-entails abstraction principle Ag, (i.e. Agi
D¢ Agp) if and only if, for any cardinal x, if Ag) is K-satisfiable, then Ag, is K-satisfiable.



DEFINITION 1.18: A set of abstraction principles is closed under cardinality-entailment if and
only if, for any Ag;, Agy, if Ag; € S and Ag; D¢ Agz, then Ap, € S.

THEOREM 1.19: For any abstraction principles Ag; and Ags, the following are equivalent:
* Agi OcAr
* Ag — R(Ag) is a logical truth.
* R(Ag1) = R(Ag) is a logical truth.

PROOF: Straightforward, left to the reader.

DEFINITION 1.20: Ag; =c Ag; if and only if, for any cardinal k, Ag, is k-satisfiable if and only if
Ag, 1s K-satisfiable.

DEFINITION 1.21: A set of abstraction principles S is weakly closed under cardinality-
equivalence if and only if, for any Agi, Agp, if Ag1 € S and Ag; =c Ag, then Agpx € S.

THEOREM 1.22: Ag; =c Agz if and only if Ag; D¢ Agz, and Agx D¢ Ag;.
PROOF: Straightforward, left to the reader.
COROLLARY 1.23: Ag; =c Ag; if and only if R(Ag1) <= R(Ag) is a logical truth.
We now make the following observations:
THEOREM 1.24: For any formula @, the following are all true:
* BLVV® =¢ TrivA®
* BLVA® =cBLV
e TrivV® =c Triv
PROOF: Straightforward, left to the reader.

We can require more of ‘equivalent’ abstraction principles than that they be merely cardinality-
equivalent, however:

DEFINITION 1.25: Two abstraction principles Ag; and Ag, are weakly abstraction-equivalent (i.e.
Ag1 =wa Ap) if and only if Ag; <= AEZ[@EZ/@El]l is a logical truth.

DEFINITION 1.26: A set of abstraction principles is closed under weak-abstraction-equivalence if
and only if, for any Ag;, Aga, if Ag; € S and Ag) =wa Agz, then Apy € S.

DEFINITION 1.27: Two abstraction principles Ag; and Ag, are strongly abstraction-equivalent
(i.e. Ag1 =sa Agp) if and only if (VX)(VY)(Ei(X, Y) <= Ex(X, Y)) is a logical truth.

DEFINITION 1.28: A set of abstraction principles is closed under strong-abstraction-equivalence
if and only if, for any Agi, A, if Ag1 € S and Ag; =sa Aga, then Agy € S.

Loosely speaking, two abstraction principles are strongly-abstraction-equivalent if and only if
their respective equivalence relations divide concepts into identical equivalence classes on any
model, and two abstraction principles are weakly-abstraction-equivalent if and only if they are

! Given a formula ® and terms t; and t,, D[ty, t,] is the result of replacing all occurrence of t; in @ with t,.



cardinality-equivalent and their respective equivalence relations divide the concepts into
identical equivalence classes on any model in which both principles are satisfiable (although the
equivalence relations in question need not so ‘agree’ on domains where the abstraction principles
are not satisfiable) The following clarify the relationship between these notions and our previous
definition of cardinality equivalence:

THEOREM 1.29: The following entailments hold:
* If Ag; <= Ag is a logical truth then Ag; =sa Ags.
* If Api =sa Agz then Agi =wa Ag.
* If Ag; =wa Ag: then Ag; =c Ag.

PROOF: Straightforward, left to the reader.

THEOREM 1.30: There are abstraction principles Ag; and Ag; such that Ag; =c Ags but not Ag
=wa Ap.

PrOOF: HP and FHP are cardinality equivalent (since both are k-satisfiable for all and only
infinite k), but not weakly abstraction-equivalent (since, for any model whose domain is of
cardinality k for K > X, the respective equivalence relations are differ on uncountable concepts).

THEOREM 1.31: There are abstraction principles Ag; and Ag, such that Ag; =wa Ag2 but not Ag
=sA Ap2.
PROOF: Let © be the second-order formula true only on infinite domains. Consider:
Ap: (VX)(VY)[@e(X) = @e(Y) <= (X=Y A ©) v (V2)(X(2) < Y(2)))]
Then HP =wa Ag but not HP =gp Ag

THEOREM 1.32: There are abstraction principles Ag; and Ag, such that Ag; =sa Aps but Ag; <=
Ag 1s not a logical truth.

PrROOF: This merely reiterates the observation made regarding HP and HP; earlier.

2: The Algebra of Abstraction

The notions developed in the previous section allow us to construct a Boolean algebra whose
elements are sets of ‘equivalent’ abstraction principles. The basic idea is that we construct the
meet (M), join (M), and complement (=) operations in terms of our previously defined operations
A, V and n (additionally, the top (1) and bottom (0) elements will be the sets corresponding to
Triv and BLV respectively). The issue is complicated by the following result, which
demonstrates that we need to take care in choosing which notion of equivalence to mobilize in
the present context:

THEOREM 2.1: There are abstraction principles Ag; and Ag, such that Ag;AAg, is not weakly-
abstraction equivalent to AppAAE;.

PROOF: It is not the case that HPAFHP =y, FHPAHP.



THEOREM 2.2: There are abstraction principles Ag; and Ags such that AgVAE, is not weakly
abstraction equivalent to ApaVAE;.

PROOF: Let I be the second-order formula expressing that the universe is finite. Then it is not the
case that HPV(BLVVT') =y (BLVVI)VHP.

COROLLARY 2.3: There are abstraction principles Ag; and Ag; such that AgjAAg; is not strongly-
abstraction-equivalent to Ap2AAE;.

COROLLARY 2.4: There are abstraction principles Ag; and Ags such that Ag;VAE; is not strongly-
abstraction-equivalent to ApaVAE;.

The relevant sort of commutativity does hold if we restrict our attention to the weaker notion of
cardinality equivalence, however:

LEMMA 2.5: Let A be the class of cardinals ¥ such that Ag; is k-satisfiable, and B be the class of
cardinals such that Ag, is k-satisfiable, and C be the class of cardinals such that Ag;VAEg; is k-
satisfiable. Then C = A U B.

PROOF: Immediate consequence of THEOREM 1.9.

LEMMA 2.6: Let A be the class of cardinals ¥ such that Ag; is k-satisfiable, and B be the class of
cardinals such that Ag, is k-satisfiable, and C be the class of cardinals such that AgiAAg, is K-
satisfiable. Then C = A N B.

PROOF: Immediate consequence of THEOREM 1.9.

COROLLARY 2.7: For any abstraction principles Ag; and Agy, Api VAR =c ApaVAg and Ag1 VAR
=c Ap2VAE.

Given COROLLARY 2.7, we can construct a Boolean algebra on sets of cardinality-equivalent
abstraction principles as follows:

DEFINITION 2.8%: [Agi]c = {Ap : A =c Ag}
ELEMc = {[Ag]c : A is an abstraction principle}
[Agi]c Nc [Ar2]c = [Ar1AAg2]c
[Agi]c Uc [Ar2]c = [Ar1VAg]c
—c[Ag] = [nAg]c
lc = [Triv]c
Oc =[BLV]c

THEOREM 2.9: <ELEM¢, N¢, U, —¢, ¢, 0c> is a Boolean algebra.
PROOF: Straightforward, left to the reader.

The following construction provides a clearer characterization of the structure of the Boolean
algebra <ELEMc, N¢, Ue, =c, 1c, 0c>:

2 This construction is little more than a variation on the standard Tarksi-Lindenbaum algebra construction.



DEFINITION 2.10: A class of cardinals C is 30L-definable if and only if there is a purely logical,
third-order formula @ such that, for any cardinal k, ® is true on models of size x if and only if
eC.

LEMMA 2.11: For any class of cardinals C, C is 30L-definable if and only if there is an
abstraction principle Ag in L such that, for any cardinal k, Ag is k-satisfiable if and only if k €
C.

PROOF: (=) If C is 30L-definable by ®, then let Ag = BLVV®.

(<) Given Ag and C such that Ag is k-satisfiable if and only if ¥ € C, then R(Ag) 3-OL-defines
C.

DEFINITION 2.12: Let <X, Nx, Ux, —x, 1x, 0x> where X = {C : C is 30L-definable}, A Nx B =
A N B, A Ux B=A U B (i.e. the standard class-theoretic intersection and union of A and B),
-xA = {K : Kk & A}, 1x = Card (i.e. the class of all cardinals), and 0x = @.

THEOREM 2.13: <ELEM¢, Nc¢, Uc, =¢, l¢, 0c> is isomorphic to <X, Nx, Ux, =x, 1x, 0x>.

PROOF: The isomorphism f: X — ELEMc is defined as follows: Given A € X and formula ®
such that @ 30L defines A, f(A) =[BLVV®]c.

DEFINITION 2.14: A class of cardinals C is weakly-30L-definable if and only if there is a set
purely logical, third-order formulas S such that, for any cardinal k, all members of S are true on
models of size k if and only if k € C.

THEOREM 2.15: If a class of cardinals C is 30L-definable, then C is weakly-30L-definable.
PROOF: Straightforward, left to the reader.

LEMMA 2.16: For any class of cardinals C, C is 30L-definable if and only if there is a set of
abstraction principles S in L where, for any cardinal k, k € C if and only if, for all Ag € S, Ag is
K-satisfiable.

PROOF: Similar to proof of LEMMA 2.11.

DEFINITION 2.17: An abstraction principle Ag is stable iff there is a cardinal y such that, for all
cardinals ¥ = y Ag is K-satisfiable. Ag is unstable otherwise.

DEFINITION 2.18: Given set of sentences S, the stability point of S, SP(S) = inf({x : for all y > x,
S has a model of size y}) (SP(S) =0 if {x : for all y > k, S has a model of size y} = O).

LEMMA 2.19: For any abstraction principle Ag), there is an abstraction principle Ag, such that
SP({Ag2}) = SP({Agi}) + 1.
PROOF: Straightforward, left to the reader.

THEOREM 2.20: There exists a class of cardinals C such that C is weakly-30L definable, but not
30L-definable.

PROOF: Let S be the set of stable abstraction principles, and let C be the class of cardinals such
that k¥ € C if and only if, for all Ag; € S, Ag, is K-satisfiable. Note that SP(S) > 0 and, for all Ag;
€ S, Ag; is SP(S)-satisfiable. Assume (for reductio) that ® 30L-defines C. Then, for any x,



BLVV® is k-satisfiable if and only if k € C, and hence SP({BLVV®}) = SP(S). Let Ag, be an
abstraction principle such that SP(Agz) = SP(BLVV®) + 1 (by LEMMA 2.19). Ag, € S, and Ag; is
not SP(S)-satisfiable. Contradiction.

COROLLARY 2.21: <X, Nx, Ux, —x, 1x, 0x> (and hence <ELEM¢, N¢, Uc, —¢, 1¢, 0c>) is not
closed under least upper bounds.

PROOF: Combine THEOREMS 2.13 and 2.20.

3. Some Particularly Interesting Classes of Abstraction Principles.

Particular classes of abstraction principles have been singled out for special attention in the
literature — in particular, in the literature on the Bad Company Objection. Interestingly, even
though these classes were originally identified based on philosophical motivations, a number of
these correspond to familiar algebraic constructions in <ELEMc¢, N¢, Uc, —¢, ¢, O0c>. First, we

shall list definitions (a number of these were originally formulated in Wright [1997] & Weir
[2003]):

DEFINITION 3.1: An abstraction principle Ag is satisfiable if and only if there is a cardinal k such
that Ag is k-satisfiable. Ag is unsatisfiable otherwise. SAT = the set of satisfiable abstraction
principles.

DEFINITION 3.2: An abstraction principle Ag is Field conservative iff, for any theory T and
formula @ in L\@g, if TV =@y (Ap} = @OV~ @Y) then T = @. Ag is Field-non-
conservative otherwise. F-CON = the set of Field-conservative principles.

DEFINITION 3.3: Given a theory T, | (T) = inf({y : T has a model of cardinality y}) ({(T) =0 if T
is unsatisfiable).

DEFINITION 3.4: An abstraction principle Ag is pseudo-conservative iff, for any theory T in
L\@g, there is a cardinal ¥ > | (T) such that Ag is k-satisfiable. Ag is pseudo-non-conservative
otherwise. P-CON = the set of pseudo-conservative abstraction principles.

DEFINITION 3.5: An abstraction principle Ag is unbounded iff, for any cardinal y, there is a
cardinal ¥ = y such that Ag is k-satisfiable. Ag is bounded otherwise. UNB = the set of
unbounded principles.

DEFINITION 3.6: An abstraction principle Ag is stable iff there is a cardinal y such that, for all
cardinals K = y Ag is K-satisfiable. Ag is unstable otherwise. STB = the set of stable principles.

DEFINITION 3.7: An abstraction principle Ag; is copacetic iff, for any unbounded abstraction
principle Ag,, there is a model that satisfies both Ag; and Agx. Ag is uncopacetic otherwise. COP
= the class of copacetic abstraction principles.

DEFINITION 3.8: Ag; is irenic iff, for any Field-conservative abstraction principle Ag,, there is a
model that satisfies both Ag; and Ag,. Ag; is unirenic otherwise. IRN = the set of irenic
abstraction principles.

DEFINITION 3.9: Ag is strongly stable iff there is some K such that Ag is satisfiable on all and
only models whose domains are of cardinality > K. Ag is strongly unstable otherwise. S-STB =
the set of strongly stable principles.



DEFINITION 3.10: An abstraction principle Ag is strongly conservative if and only if, for any
theory T and formula ® in L\@g, if Th U {Ag} = @ then Th = . Ag is strongly non-
conservative otherwise. S-CON = the set of strongly conservative abstraction principles.

DEFINITION 3.11: An abstraction principle Ag; is agreeable iff, for any consistent abstraction
principle Ago, there is a model that satisfies both Ag; and Ag. AGR = the class of agreeable
abstraction principles.

THOEREM 3.12: S-CON = AGR C S-STB C IRN € STB = COP C UNB € F-CON = P-CON C
SAT.

Proof: Left to the reader (or see Weir [2004], Cook [unpublished], Linnebo [forthcoming]).

Unfortunately, whether or not IRN = STB (and whether UNB = F-CON) remains an open
question at the time of writing. (although it is known that IRN = STB if and only if UNB = F-
CON - see Linnebo [forthcoming]).

THEOREM 3.13: SAT, F-CON, UNB, STB, IRN, and S-CON are each closed under cardinality-
entailment (and hence closed under cardinality-equivalence, weak abstraction equivalence, and
strong abstraction equivalence).

PROOF: Straightforward, left to the reader.

We can now characterize a number of these classes in terms of familiar algebraic constructions.
DEFINITION 3.14: Let UNSATc = {[Ag]c : Ag & SAT}.

THEOREM 3.15: UNSATc is an ideal of <ELEMc¢, N¢, Uc, =c, 1c, 0c>.

PROOF: Let Ag, Apy & SAT, and Ag; be any other abstraction principle. Then AgVAg, & STB,
and AElAAE3 $ STB.

In this case, UNSAT¢c = {[BLV]c}, thus UNSATc is the trivial, single-element ideal of
<ELEMc, N¢, Uc, —¢, lc, 0c> consisting solely of the bottom element. We shall see, however,
that other interesting classes of abstraction principles correspond to non-trivial ideals.

DEFINITION 3.16: Let UNFCONc = {[Ag]c : Ag & F-CON}.
THEOREM 3.17: UNFCONCc is an ideal of <ELEM¢, N¢, Uc, —=¢, 1c, 0c>.

PROOF: Let Ag, Apy & F-CON, and Ag; be any other abstraction principle. Then Ag;VAEg, & F-
CON, and AElAAE3 $ F-CON.

Unlike UNSATc, UNF-CON is a non-trivial ideal of <ELEMc, Nc¢, Uc, =c, 1c, 0c>.
DEFINITION 3.18: Let UNUNBc = {[Ag]c : Ag & UNB}.
THEOREM 3.19: UNUNBc is an ideal of <ELEMc, N¢, Uc, =¢, 1c, 0c>.

PROOF: Let Agj, Ay & UNB, and Ag; be any other abstraction principle. Then Ag;VAg, & UNB,
and AElAAE3 $ UNB.

Of course, we do not know whether this ideal is identical, or distinct, to the one in THEOREM
3.17.

DEFINITION 3.20: Let STB¢ = {[Ag]c : Ag € STB}.



THEOREM 3.21: STBc is a filter of <ELEMc¢, N¢, Uc, =¢, 1c, 0c>.

PROOF: Let Ak, Apx € STB, and Ag; be any other abstraction principle. Then Ag;AAg; € STB,
and AE1VAE3 & STB.

STBc is a non-trivial filter. The next notion gives us a trivial filter to complement the trivial ideal
UNSATEc.

DEFINITION 3.22: Let SCON¢ = {[Ag]c : Ag € S-CON}.
THEOREM: SCONCc is a filter of <ELEMc, Nc¢, Uc, =¢, 1c, 0c>.

PROOF: SCONC is the trivial one-element filter {[Triv]c}.

4: Abstraction and Cosatisfaction Sets

Amongst the sets of abstraction principles listed in THEOREM 3.12, there were a number of pairs
A, B such that:

A = {Ag, : For any Ag, € B, there is a k¥ such that Ag;, Ag; are both k-satisfiable}
We now rigorously define this notion, which we shall call co-satisfaction:
DEFINITION 4.1: Given a set of abstraction principles S:
COS(S) = {Ag; : for any Ags € S, there is a k such that Ag; & Ag are both k-satisfiable}

As we noted, a number of the sets studied above are defined along these lines, hence:

AGR (=S-CON) =  COS(SAT)
IRN = COS(F-CON)
COP (=STB) =  COS(UNB)

One natural, but ultimately false, conjecture would be that, for any sets of abstraction principles
A and B, if A = COS(B), then B = COS(A). Easy counterexamples can be found by choosing a B
not closed under cardinality-equivalence (e.g. let HP € B but FHP & B). Even requiring that B
be closed under cardinality-equivalence, however, the conjecture still fails, as he following
theorem demonstrates:

THEOREM 4.2: There exist satisfiable sets of abstraction principles A and B such that A and B are
closed under cardinality-equivalence, A = COS(B), but B = COS(A).

PrOOF: Immediate consequence of the fact that, for any satisfiable A, Triv € COS(A) Hence, if
Triv & B, then B # COS(A).

If we strengthen the antecedent condition to closure under cardinality-entailment, however, then
we obtain the desired result:

THEOREM 4.3: Given any sets of abstraction principles A and B such that B is closed under
cardinality-entailment, if A = COS(B), then B = COS(A).

PROOF: (—) Assume Ag; € B. Then every Ag, € A is cosatisfiable with Ag;. So Ag; € COS(A).
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(<) Assume Ag; & B. Then no member of B entails Ag;. So nAg is cosatisfiable with every Ag,
€ B. So nAg; € COS(B). Hence nAg; € A. Thus, Ag; & COS(A).

This provides the following chart:

C COS(C)

SAT S-CON = AGR
XX S-STB

F-CON IRN

UNB W-STB = COP
W-STB = COP | UNB

RN F-CON

S-STB 277

S-CON = AGR | SAT

Note that if A = COS(B), then A is trivially closed under cardinality-entailment. Hence, S-STB,
since not closed under cardinality entailment, is not the co-satisfiability class of any class of
principles (hence the “XX). Of course, there is some class of principles that is the co-
satisfiability class of S-STB, but it remains unidentified at present (hence the “?7?”).

The chart above suggests the following question: Are there sets of principles that are their own
co-satisfiability class? More formally:

DEFINITION 4.4: A set of abstraction principles S is fixed if and only if S = COS(S).
OPEN QUESTION 4.5: Is there a fixed set of abstraction principles?
OPEN QUESTION 4.6: If there is a fixed set of abstraction principles, is it unique?

Although these questions are open, the following result places some constraints on the nature of
any fixed classes of abstraction principles, if they in fact exist:

THEOREM 4.7: If A, B, C, and D are sets of abstraction principles closed under cardinality-
entailment and where A = COS(B), C = COS(D) and A € C, then D C B.

PROOF: Straightforward, left to the reader.
We conclude this brief survey of results with the following conjecture:

CONJECTURE 4.8: If A = COS(A) then {[Ag]c : Ag € A} is an ultrafilter in <ELEM¢, Nc¢, Ug,
—c, 1, 0c>.
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